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Abstract 

We consider the problem of maximizing expected utility from terminal wealth for a power investor who can 
allocate his wealth in a stock, a defaultable bond, and a money market account. The dynamics of these security 
prices are governed by geometric Brownian motions modulated by a hidden continuous time finite state Markov chain. 
By means of a reference probability approach to filtering in the enlarged market filtration, we reduce the partially 
observed stochastic control problem to a risk sensitive control problem with full observation. We separate the latter 
into a pre-default and a post-default dynamic optimization subproblems, and obtain two coupled Hamilton-Jacobi- 
Bellman equations for the optimal value functions. We obtain a complete solution to the post-default optimization 
subproblem, and prove a verification theorem for the solution of the pre-default optimization subproblem. 



1 Introduction 



Regime switching models constitute an appealing framework, stemming from their ability to capture the relevant fea- 
tures of asset price d ynamics, which behave d iffere ntly depending on the spe cific phase of the business cycle in place 
In the stock market. I Ang and Bekaertl (|2002al ) and lAng and Bekaerti (|2002bl ) find the existence of two regimes, char- 



acteri zed by different volatility levels. By means of a historical analysis of the corporate bond market, iGiesecke et al 



( 20111 ) identify three credit regimes, characterized by different levels of default intensity and recovery rates. 

These considerations, along with their mathematical tractability, have originated a significant amount of research. 
In the context of continuous time utility maximization, some studies have considered observable regim es, while others 
have a ccounted for the possibility that they are not directly visible. In the case of observable regimes, IZariphopoulou 
( 19921) considers an infinite horizon investment-consumption model where the agent can invest her wealth in a stock 
and risk-free bond, with b orrow ing and stock short-selling constraints. In a similar regime switching framework, 
Sotomavor and Cadenillasl ( 2009 ) study the infinite hori zon problem of a risk averse investor maximizing regime de- 
pendent utility from terminal wealth and consumption. lElliott and Siu (l2010l) study the risk minimization problem 
as a stochastic differential game within a regime-switching framework. A different branch of literature has con- 
sidered the case when regim es are hidden and need to be estimated from publicly available market information. 
Nagai and Runggaldien (|2008l ) consider a finite horizon portfolio optimization problem, where a power investor allo- 
cates his wealth across money market ac count and stocks, whose price dynamics follow a diffusion process modulated 
by a hidden finite- state Mark ov process. Tamura and Watanabei ( 2011 ) extend the analysis to the case when the time 
horizon is infinite. ISiul (|201ll) includes the possi bility of investin g in in flation-linked bonds in an economy modulated 
by hidden regimes. Using a similar framework, lElliott and Siul (|2011l) study the optimal investment problem of an 
insurer w hen the model uncertai nty is governed by a hidden Markov chain. In the context of optimal inventory man- 
agement, ICadenillas et al.l (|2012h model the demand of an item using an arithmetic Brownian motion, whose drift is 
modulated by a two states Markov chain. They recover the optimal production policy, both in the case of observable 
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and hidden regimes, using the technique of "completing squares" . ISass and Haussmannl (|2004l ) consider a multi-stock 
market model, with stochastic interest rates and drift modulated by a hidden Markov chain. Combining appropriate 
Malliavin calculus and filtering result s from hidden Markov mode ls, they derive e x plicit r epresentations of the optimal 
strategies. In a series of two papers. iFuiimoto et al.l (|2012aj ) and lFuiimoto et al.l (|2012bj ) consider a regime switching 
framework where logarithmic and power investors optimize their terminal utility using stock prices received randomly 
according to a Cox process. The random arrival process leads to incomplete information on the underling Markov 
chain. 

The literature surveyed above has considered markets consisting of securities carrying market, but not default, risk. 
However, the recent credit events, combined with empirical evidence showing that corporate bonds markets have a sim- 
ilar capitalization to all publicly traded companies in the United States, stress the impor tance of including defaultable 
securi ties in portfolio decision problems. The first attempt in this direction was made by Capponi and Figueroa-Lopezl 
who consider a portfolio optimization framework where investors can trade both a stock and a defaultable 
security. Using the HJB approach, they recover the optimal investment strategies as the unique solution to a coupled 
system of partial differential equations, and characterize the directionality of the bond investment strategy by means of 
a relation between historical and risk-neutral default risk components. However, they assume regimes to be observable 
and, as such, the optimal investment strategy is highly sensitive to the regime in place. 

This paper considers the case where regimes are hidden, and a power investor has to deci de on his optimal allocation 
policy using only the observed market prices. This improves upon the realism of the model in lCapponi and Figueroa-Lopez 
( 2012I) . given that in several circumstances market regimes such as inflation and recession, or credit regimes charac- 
terized by high or low credit spreads, are typically unobserved to investors or discovered with significant time lag. 
Moreover, the hidden regime feature requires a completely different analysis, and leads us to solving a partially ob- 
served stochastic control problem, where regime information must be inferred from an enlarged market filtration. The 
latter is composed of both a reference filtration generated by the observable security prices, and a credit filtration 
tracking the occurrence of the default event. To the best of our knowledge, ours represents the first study in this 
direction. 

We next describe our main contributions. We consider a portfolio optimization problem for a power investor in a 
context of partial information and the possibility of default. This advances earlier literature, which has so far considered 
either one or the other aspect, but never both simultaneously. We construct an equivalent fully observed risk-sensitive 
control problem, whe re the new state is give n by t he normalized regime filtered probabilities. Although we follow 
a similar approach to iNagai and Runggaldierl (|2008l ) for our contro l problem, there are importan t differences which 
require a nontrivial analy sis. Firstly, whil e the filter probabilities in Nagai and Runggaldier ( 20081) are directly given 
by the Wonham filter (cf. IWonhaml (119651 )). in our case the dynamics are not of diffusive type, and are obtained by an 
extension of previous filtering results dealing with the enlarged credit filtration. We follow the reference probability 
approach and construct a probability measure such that the u nderlying chain become s indep endent of both the market 
price process and the default indicator event. We remark that lFrev and Runggaldierl (120101 ) . Section 4.1, also consider 
filter equations for finite-state Markov chains in the presence of multiple default events. However, they provide the 
dynamics of the unnormalizcd filter probabilities using a Zakai-type S DE, and then cons t ruct a n algorithm to compute 
th e filter probabilities. In the context of pricing credit derivatives, iFrev and Schmidtl (|2012l ) study a similar model 



Frev and Runggaldier ( 2010h . but provide the dynamics of the filter probabilities using the innovation approach 



to 

to filtering. We obtain the filter probability dynamics using the reference probability method, as our methodology 
requires to reformulate the control problem under such a reference measure. We then use the latter probabilities 
to obtain the Hamilton- Jacobi-Bcllman (HJB) for the dynamical optimization problem, which we separate it into a 
coupled pre-default an d post-default dynamica l optim ization subproblcms. This is done using the projected filter 
process, as opposed to Nagai and Runggaldier ( 20081 ) who consider the degenerate filter process in their analysis. 
Because of the default event, the HJB-PDE satisfied by the pre-default value function is nonlinear. Using the Hopf- 
Cole transformation, we obtain a nonlinear parabolic PDE which degenerates at the boundary of the domain, and prove 
a novel verification theorem for its solution. By contrast, the HJB-PD E satisfied by the post-default value function 
can be linearized using a similar transformation to the one adopted by Nagai and Runggaldier ( 20081) . and a unique 
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classical solution solving the post-default optimization subproblcm can be guaranteed. 

The rest of the paper is organized as follows. Section [2] defines the market model. Section [3] sets up the utility 
maximization problem. Section |4] derives the HJB equations corresponding to the risk sensitive control problem. 
Section [5] analyzes the solutions of the HJB-PDE equations. Section [5] summarizes our main conclusions. Finally, two 
appendices present the main proofs of the paper. 



2 The Market Model 



Assume (f2, Q, G, P) is a complete filtered probability space, where P is the real world probability measure (also 
called historical probability), G := {Qt)t is an enlarged filtration given by Qt := Tt V Ht, where (TLt)t is a filtration 
to be introduced below. Here, F := (J-'t)t is a suitable filtration supporting a two dimensional Brownian motion 
W t = (W t {1) ,W t {2) ). We also assume that the hidden states of the economy are modeled by a continuous-time Markov 
process {Xt} defined on (f2, Q, G, P) with a finite state space identified by the set of unit vectors {ei, ei, ■ ■ ■ , ejv}, where 
ej = (0, 1, . ..0) € R and ' denotes the transpose. The following semi-martingale representation is well-known (cf. 



Elliott et all (11994) ) 



Xt — Xq 



A(s)'X s ds + <p{t), 



(1) 



where (p(t) = (ipi(t), . . . , ^jv(t))' is a R -valued martingale process under P, and A(t) := [coi,j{t)]i.j = i.. 
so-called generator of the Markov process. Specifically, denoting pij(t,s) := P(X S = ej\X t = e,), for s 



.,7V is the 
> t, and 



Si, 



we have that 



Wij(t) = lim 



Pi,j(t,t + h) - 8. 



'•J 



cf. iBielecki and Rutkowskil (|2001l ). In particular, Wi,i{t) = — J2j^i w i-j{t)- We denote by po = (pj, . . . ,Pq) the initial 
distribution on the Markov chain and, throughout the paper, assume that p* Q > 0. We consider a frictionless financial 
market consisting of three instruments: a risk-free bank account, a defaultablc bond, and a stock. The dynamics of 
each of the following instruments will depend on the underlying states of the economy as follows: 

Risk-free bank account. The instantaneous market interest rate is assumed to be constant. The dynamics of the 
price process {B t }, which describes the risk-free bank account, is given by 



dB t = rB t dt, 



1. 



(2) 



Stock price. We assume that the appreciation rate {^t} of the stock also depends on the economy regime X t in the 
following way: 

Ht := fJ.(t,X t ) := (n,X t ) , 

where \x = (/ii,/i2, • ■ • t^n)' is a vector denoting the values of drift which can be taken depending on the different 
economic regimes. The volatility a is assumed to be constant. Hence, under the historical measure, the stock dynamics 
is given by 

dSt = [itStdt + aStdW^, So = s, 
where {W / t ^ 1 ' ) } is a standard Brownian motion on (f2, Q,F,P). 

Risky bond price. Before defining the bond price, we need to introduce a default process. Let r be a nonncga- 
tive random variable, defined on (fl,Q,P), representing the default time of the counterparty selling the bond. Let 
H t = o{H{u) : u < t) be the filtration genera t ed by the default process H(t) := H t := l T <t, after completion and 
rcgularization on the right (see iBelanger et al.l (120041 ) ). We use the canonical construction of the default time r, in 
terms of a given hazard process {h t }t>o, which will be specified later. For future reference, we now give the details of 
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the construction of the random time r. We assume the existence of an exponential random variable x defined on the 
probability space (f2,£7,P), independent of the process (Xt)t- We define r by setting 



t :=inf it 6 R 



h u du > x 



(3) 



It can be proven that {ht)t is the (¥,&)- hazard rate of r fsee iBielecki and Rutkowskil (|200ll) . Section 6.5 for details). 
That is, (ht)t is such that 



ft := #(*) - / H(u-)h u du = H(t) - 



h u du, 



(4) 



is a G-martingale under P, where H(u) := H u := 1 — H(u) and H(u~) := \im s ^ u H(s) = l r > u . Intuitively, Eq. (j4|) 
says that the single jump process needs to be compensated for default, prior to the occurrence of the event. As with 
the appreciation rate, we assume that the process h is driven by the hidden Markov chain as follows: 

h t := (h,X t ), 

where h = (hi, . ■ . , /i/v)' denotes the possible values that the default rate process can take depending on the economic 
regime in place. 

Following iFrev and Runggaldierl ([20111 ). we assume that the yield of the defaultable bond is only observed up to 
noise by market investors. We postulate that, at time if. = kA, the observed yield z tk is such that 



zt k - z tk 



a(t k ,X tk ,H tk )A + e k , 



where a(t, X t , H t ) denotes the actual yield and (tujk is an i.i.d. sequence, independent of X and VJ^ 1 ), which models 
transaction costs such as bid /ask spreads and other market frictions. In light of Donsker's invariance principle, as in 



Frev and Runggaldierl ([201 lh , the observed yield process is expected to converge to 



Zt 



a{s,X s ,H s )ds + vW t 



(2) 



(5) 



when A-)0, where W} is a Brownian motion independent of X and The previous heuristics serve as motivation 

to define the observed bond price as Pt = Poe Zt , with (z t )t given by the dynamics ([5]). Equivalently, hereafter the 
dynamics of the observed bond price (Pt)t is assumed to be given by 



dP t 



= la(t,Xt,H f ) + ^Jdt + vdW^\ 

before default. Note that, if the actual yields were observed without noise (hence, v — 0), we would recover the 
standard dynamics of a bond with continuously compounded yield a(t, X t ,H t ). Throughout the paper, we denote the 
maturity of the bond by T > 0. 

We define two sub-nitrations of G, namely, the market filtration G 1 := where 

Q{:=T{\JU U T{:=o(S u ,P u ;u<t), 
and the filtration ¥ x := (J r t x ) t , generated by the Markov chain (X t )t- 



x 



a(X u ; u < t). 



Therefore, we may also write Gt — T$ V Q\. From this, it is evident that, while (Xt)t is (Gt)t adapted, it is not (Gt)t 
adapted. 
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3 The Utility Maximization Problem 



We consider an investor who wants to maximize her expected final utility during a trading period [0,T], with T < T, 
by dynamically allocating her financial wealth into (1) the risk-free bank account, (2) the stock, and (3) the defaultable 
T-bond, as defined in the previous section. Let us denote by vf the number of shares of the risk-free bank account that 
the investor buys (vf > 0) or sells (yf < 0) at time t. Similarly, uf and denote the investor's portfolio positions 
in the stock and risky bond at time t, respectively. The process (vf ,vf i v t) is called a portfolio process. We denote 
Vt{v) the wealth of the portfolio process v — [y B , v s , v p ) at time t, i.e. 

We require the processes vf ,vf , and vf to be (^-predictable. The investor does not have intermediate consumption 
nor capital income to support her trading of financial assets and, hence, we also assume the following self-financing 
condition: 

dV t = vfdB t + u^dSt + VtdPt- 

Let 

b , jfgj s. v?S t p v[Pt_ , 

^ = v^y ^ = ^ir ' ** = ^Th 1t>u (6) 

if Vt-{v) > 0, while Trf = irf = nf = when Vt-(v) = 0. The vector ir t :— (nf , 7rf , tt[), called a trading strategy, 
represents the corresponding fractions of wealth invested in each asset at time t. Note that if 7r := (%t)t is admissible 
(the precise definition will be given later), then the dynamics of the resulting wealth process V r can be written as 

JT/7T 1/7 r fa dB t s dS t , p dPt \ ( 
dV t -V t -^ t —+n t —+, t — j, (7) 

under the convention that 0/0 = 0. This convention is needed to deal with the case when default has occurred (t > r), 
so that Pt=0 and we fix — 0. We have the following dynamics of the wealth process 

<Wi - „J, , ^S/ „\^,„S„j U A1),„p{„Uy. TT.\ _L V A ^+_L^,^w( 2 ) 



} . rdt + 7if (fi t -r)dt + irfadWf' + irf \a(t, X u H t ) + — - r 1 dt + nfvdWf' , V = v, 

for a given initial budget v £ (0, oo). The objective is to choose 7r so to maximize the expected terminal utility 

J(v,tt,T):=-E[V^}, (8) 
7 

for a given fixed value of 7 in (0, 1). From here on, we use it := (717 , 7rf )' to denote the investment strategy, only 
consisting of stock and defaultable bond due to the self-financing property. 

In the sequel, it would be useful to have an explicit formula for . By Ito's formula and Eq. (J7J, we readily obtain 
that 



dV? = 7 V t 
1 



rdt + vrf (fi t -r)dt + wfadW^ + nf ( a(t, X u H t ) + — ~ r) dt + ir[vdW t {2) 



2 



+ t 1 ( 1 ^l)Vt'[(^f^dt+(^)Wdt] 



Next, define 



a 

v 



and recall that W t := (W { , Wf )' and 7r t = (wf , nf )'. Then, we may rewrite the above SDE as 

dV? = V? [-yr){t, X t , H t ,ir t )dt + ^ Y dW t ] , (9) 
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where 



//(/. -V,. IF,. 7T,) = -/ +7rf(r-/xt) + 7rf ( r - ^w 2 - o(t, X t , fl*) J + iy^Ey%r7r t . 



(10) 



It is then clear that the solution to the stochastic differential equation ((9]) with initial condition Vq — v is given by 



- " 7 



u 7 exp ^7 J ■K' s T>YdW s - 7 ^ ry(s, X s , 7r s )ds - ^- ^ ^EyEy Vsds 



3.1 Change of Probability Measure 

We follow the reference probability approach to filtering, and develop a change of measure under which the underlying 
chain (X t )t becomes independent of the investor filtration G 1 . First, we introduce further notation and terminology. 
Given two semimartingales L and M, we denote by [L] and [L, M] the quadratic variation of L and the quadratic 
covariation of L and M, respectively. We also denote the stochastic exponential of L by £(L). If L is of the form 
Lt = J*9' s dY s , where Y s is a Revalued continuous Ito process, and (6 t )t is G predictable, then 



£t(L) = exp (J 9' u dY u -I J e'J u d[Y]}j . (11) 
If Z is of the form Z t = f Q K s d£ s , where £ s has been defined in and k s is G-predictable, with k > — 1, then 

£t(Z) = exp (J log(l + K s )dH s - J K s h s d^j . (12) 



It is well known (see iBielecki and Rutkowskil (|200lh . Section 3.4) that R t := £ t {L)£ t (Z) follows the SDE 

Rt = 1 + / # s _ (0^Y S + K.<&) ■ (13) 

./(O.t] 

We now proceed to introduce a new measure P on (Q, G), under which the hidden chain (X t ) t becomes independent 
of (Qt) t > . Such a measure is defined in terms of its density process (pt)t as follows: 



dP 



Pi 



= £t 



1 - fr„- 



where 



( M ,X t )-y,a(i,X t ,ff t ) 



#(t,X u Ht) 

In particular, using Eqs. (fTTj) and ()12|) . and p[ 2 ' above are given by 

y log(/i„- )dff„ - y (1 - h u )duj = h T _ fT - t} exp I - J (1 - 
Moreover, from Eq. (|13[) . pt admits the following representation 

p t = i+ [ p s - (-0(s,x„H a y(p Y Ey')- 1 VYdw a + 1 7 — C 



(14) 



(15) 



(1) 

Pt = exp 



(2) 



Under such a measure, by Girsanov theorem (see also IBielecki and Rutkowskil (|200ll ). Section 5.3), we have that 



W t = W t + Ey / (SyEy / )- 1 t?(*,JC 8 ,ff,)ds 
Jo 
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is a Brownian motion, and 



rtf\T rt/\T pt 

ft = & - I (1 - K)du = H t - du = H t - H{u-)du 



10 Jo 
is a <G 7 -martingale under P. The inverse density process, 

dV 



(16) 



Qt 



can be written as U t = U^'U^, where 



C/ t (1) - cx p(^ 0(a,X a ,H a )' (VyEy 1 ) 1(iW s + lf o ^'(SySy') 1 0(*> X„, H s )d^j 



Uf> := £ ( y (h 8 - - l)de,J = fc^*' exp (J^ (1 - fc„)du 



with the last equality following from Eq. (|12|). 

Using the previous probability measure P, we obtain that Eq. may be rewritten as 



-E [V^] 



-E 



-E fr [L T ] 



(17) 



where 



U = St(J Q'(a,X a ,H a ,^ B )dY^\u^ ) exp(-yJ r)(s,X s ,H s ,ir s )ds\ 

Q(S,X S ,H S ,7T S ) = (EyEy') -1 ^*. + 7^, 

and the stochastic exponential is given by 

£ t Qf Q'(s,X s ,F s ,7r s )dY s ) = ex p(^ Q'(s,X s ,H s ,n s )dY s -^^ Q'£yE r Q(s,X s ,F s ,7r s )^. 
Next, define 



(18) 



Then, we have 



TV 

E [Vy ] = «TTE* [E # [L t |^]] = ^£e ? [E ? [Lrl { x T =e i} |^] 



JV 

^E r J2lT 



3.2 The Filter Probabilities 

The goal of this section is to derive the dynamics of the filter probabilities of the Markov chain X t conditioned on the 
investor filtration Q\. We first derive the dynamics of {q l t }, which play the role of unnormalized filter probabilities. 
We then obtain the corresponding dynamics for the normalized filter probabilities via Ito's rule. 

We start with the following lemma, whose proof is reported in Appendix [XJ Below, we make use of the functions 77 
and Q defined in Eq. (ITU1) and (fig)) , respectively. 
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Lemma 3.1. The dynamics of(ql)t>o, i = 1, . . . ,N, under the measured, is given by the following system of stochastic 
differential equations (SDE): 

N 

dq\ = U7 t ,i(t)ddt + q\Q'(t, ei,H t , 7rt)EydWi + 3*- (hi - l)d£t - 7»?(*, e » #t, 7r t )g|dfc, (19) 



i i 

% = Po- 

Next, we introduce some notation. Let 

JV 



M t :=J2li (20) 



i=l 

and let j?£ be the filter probability that the regime X t is at time i, conditional on the filtration 5/; that is, 

p\:=^(X t = e i \g I t ) = ||. (21) 
We will also make use of the following short-hand notation : 

JV JV JV 

/t :=E p [f(X t )\g I t ] =J2f( e i)pi g(t, Pt ,z) = J2g{t,e i ,z) P i, u(t, Pt , z, tt) = £ u(t, e,, z, 7r)pj, (22) 

z— 1 i— i z— z 

where / : {ei, . . . , ejv} — 5- K, g : R + x {ei, . . . , e N } x {0, 1} -> R, and w : R+ x {ei, . . . , ejv} x {0, 1} x R 2 — > R are given 
functions. Let us also define the simplex 

A N ^ = {(d 1 ,d 2 ,...,d N ) :d 1 + d 2 + ...d N = 1,0 <d* <l,i = l,... > JV}. 

We have the following result, whose proof is reported in Appendix 1X1 
Proposition 3.2. TTie normalized filter probabilities are governed by the SDE 

JV 

dp\=^^iAMdt+p\^\t,e t ,H t )~§\t,p u H t )){^ Y Y I ' Y r 1 ^YdW t ) 

+ pl _h T h_( AHt -h t -H(t~)dt), (23) 
h t - v / 

where, in agreement with the notation introduced in Eq. i22j) , we had set 

JV JV 

ht :=X)M. #(t,Pt,H t ) :=^(t,ei,Ht)p\. 

i=l i=l 

We conclude with a technical result, which will be needed in the verification theorem proven in Section [SJ Its proof 
is reported in Appendix |A"1 

Lemma 3.3. For any T > and i = 1, . . . , N , it holds that 

F(p\ > 0, for all t <= [0,T)) = 1. 

3.3 The Risk-Sensitive Control Problem 

We now proceed to show how the original partially observed control problem is reduced to a risk sensitive control 
problem with full information. Define 

L t = % Qf Q'(s,p s ,H s ,n s )dY s ) E t \J (h s - - l)d&) e-rJX'.P.A.*.)* 

where, using the shorthand notation (|22[) . we set r)(t,pt,Ht,Tr t ) — ~Y^ , =i'n(t,ei,Ht,'Kt)Pt- Then, we have the following 
equivalent formulation of the objective function J(v, ir, T) given in (|5]). The proof is reported in Appendix |A"1 
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Proposition 3.4. It holds that 



J(v,tt : T) = — E 

7 



(24) 



Using Eq. (f2"4")l . we now demonstrate how the stochastic control problem of maximizing J(v,tt,T) can be re- 
duced to a finite dimensional risk-sensitive stochastic control problem. This is obtained building on the approach of 



Nagai and Runggaldierl (120081 ) , who do not consider the defaultablc security. To start with, define the measure P such 
that 

Gt ( I Q'(s,p s ,H s ,7t a )dY s ) £ t ( [ (h s - - l)d£. 



Ct := 

dP 



si 



(25) 



where, by Girsanov theorem, we have that 

W t = W t - [ H' Y Q(s, Psi H s ,ir s )ds 
Jo 

is a G^-Brownian motion under P. Further, again by Girsanov, we have that 



6=6- / (h s - l)ds = H t - h s ds = H t - h s H( s -)ds 
Jo Jo Jo 

is a G 1 martingale under P. It can then be verified that the dynamics of p\ in Eq. ([2"B"f may be rewritten as 
dpi = pi (0(t, e u H t )' - 0(t,pt,H t y) (E 3 ,S' y )- 1 SydW t 



(26) 



N 



It follows immediately that 



J(v,ir,T) = — E f 
7 



LtCt 1 






7 



"7 fa v(s,Ps,H a ,7r 3 )ds 



(27) 



(28) 



thus showing that the original problem J(?j,7r,T) is reduced to a risk sensitive control problem, where maximization 
is done across suitable strategies (TVt)t such that 



E p [Ct]=E[ Pt Ct] = 1, 



(29) 



and subject to the control process {pt)t lying on the simplex Aat_i and following the SDE given by Eq. (f2~T)) , under 
P. We shall specify later on the precise class of trading strategics n on which the portfolio optimization problem is 
defined. The next section provides the HJB equation for this problem. 



4 HJB formulation 

This section is devoted to formulating the HJB equation. Given that the process p = (p 1 , . . . ,p N ) is degenerate in R , 
we consider the projected N — 1 dimensional process 

p s := (Pl,...,^- 1 )' :=(^,...,pf- 1 )', 

as opposed to the filtering process. Next, we rewrite the problem ([28]) in terms of the above process, which now lies in 
the space 

A w _i = {(d 1 ,...,d N - 1 )' : d 1 + ...d N - 1 < l,<f > 0}. 
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Let us start with some notation needed to write the SDE of p in matrix form. First, similarly to (|22[) . given a function 



/ : R + x {ei,...,ejv} X {0,1} x 



I, we define the function / : R + x Aat_i x {0, 1} 



as 



N-l 



f(t,d,z,Tr) = f(t,e N ,z,n)+J2lf( t ,^z^)-f(t,e N ,z,Tr)}d\ for d = {d 1 , . . . , d N ~ 1 y, (30) 

i=i 

and, given a function g : M+ x {ei, . . . , cat} x {0, 1} — > M., we define 

N N-l 

g{t,d,z)=Y,9(t^ l ,z)+Y / [9(t,e l ,z)-g(t,e N ,z)]d\ for d = (d 1 , . . . , d^ 1 )' . (31) 



Similarly, with certain abuse of notation, given an iV-dimcnsional vector / = (/i, . . . , /at)', we introduce the function 
/ : Ajv_i — > R defined as 



N-l 



f(d) = Jn + J2 & - ^\d\ d = (d\..., d N - l y, 

i=l 

and the projection of / on the first N — 1 coordinates as / := (/i, . . . , Z^" 1 ). Throughout, we use D(h) to denote 
the diagonal matrix, whose i-th diagonal element is the i th component of a vector b. Further, let # 1: jv-i(£, Ht) and 
(3(t,p t ) be the 2 x (N — 1) matrix and (N — 1) x 1 vector defined by 



N-l 



N-l 



(3(t,p t ) = 07jV,l(f) + ^2 ~~ ^JV.lWlPt) • • • ) TZ>N,N-l{t) + [TZrt,N-l(t) - ^N,N—l{t)]Pt ■ 

\ 1=1 1=1 J 

We also use 1 to denote the N — 1 dimensional column vector whose entries are all ones. In matrix vector notation, 
the first N — 1 components of the solution to Eq. (|27|) may be rewritten as 

dp t = Dipt) [0i..y_i(f J flt)' ~ W(t,Pt,Ht)'] {Ey^Yy^YdWt + P(t,p t )dt 

+fD(pt) Ux !N -i(t,H t y - w(t,p t ,H t y) ntdt + DiPt-)^— (V - ih(p t -)) d£ t 

v ' h(p t -) v 

Next, let us define 



a(t,p t ,H t ) 
P-y(t,p t ,H t ,irt) 

e(Pt- ) 



= D{pt) \»l:N-l{t,H t y - W(t,p t ,H t y\ (EyE^Ey, 

= P{t,p t ) + ja(t,p t , H t )Tt' Y TVt, 
1 



D(p t 



lh(p t -) 



HPt-) 

Then, the dynamics of p s = (pi, . . . jf*^ -1 )' for s £ [t, T], under the probability measure P, is given by 
dp s = ^(s,p s ,H s ,Tr s )ds + a(s,p s , H s )dW s + g(p s -)d£ s , Pt = P G Ajv_i. 



(32) 



Note that ir affects the evolution of p s through the drift /L, and also through the measure P due to an admissibility 
constraint analogous to (j2"5)) . 

Next, for a generic < t < T, such that Vt = v, p t = p, and H t — z (recall that z £ {0, 1} depending on whether 
or not default has occurred), we set 



J(t,v,p,z,n;T) := — G(t,p,z,n) with G(t,p, z, tt) := E t§ 

7 



_ 7 / t T V{ s iPs ->Hs ,7r s )ds 



(33) 
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N-l 



where, recalling the notation introduced in (|30[) . 

fj(s,p s ,H s ,n s ) = i](s,e N ,H s ,n s ) + ^ (rj(s, e H , H s , ir s ) - rj(s, e N , H s ,ir s ))f s . 

i=l 

Next, we define the value function 

w(t,p,z):= sup log(G(t,p,z,n)), (34) 

Tr£A(t,T-p,z) 

where the suprcmum above is over a suitable class A(t,T;p, z) of Markov (or feedback) admissible strategies ir s :— 
ir(s,p s -,H s -), that will be specified in detail later on (see Theorems 15.11 and 15.21 below for the details). Note that 



sup J(v,tt;T) = — supE* 

K£A(0,T;p,z) 7 it 



= ?L e ™(0,pl,...,pZ-\H ) 

7 



7 



1 N — l 



(35) 



where the last equality follows immediately using Eq. (|28[) and the fact that rj(s,p s , H s , tt s ) = fj(s,p s , H s , Tt s ). 

We now proceed to derive the HJB equation corresponding to the value function in Eq. (|34l) . Before doing so, we 
need to compute the generator C of the Markov process s G [t, T] —> (s,p s , H s ). This is done in the following lemma. 
Below and hereafter, we use y • h to denote componentwise multiplication of two vectors y and h. 



Lemma 4.1. Let (p s ) S £[t,T] be the process in i3!i!\) with tt of the form tt s := ir(s,p s - , H s - ), for a suitable function 
ir(s,p,z) such that A3!2\) admits a unique solution. Then, for any f(t,p,z) such that f(t,p,l) and f(t,p, 0) are both 
C ' -functions, we have 



f(s,p s ,H s )=f(t,p t ,H t )+ Cf(u,p u ,H u )du + M s (f), s£(t,T\, 



(36) 



where, denoting Vpf(t,p,z) := (J^-, . . . , ^=t), ft(t,p,z) := ^, and D 2 f := 
h(p) := h N + ^iJ^ihi - h N )p l and h 1 - := (hi,..., h N -i)' , 



df 



df 



d 2 f 



dp 1 dp J 



N-l 



and recalling the notation 



Cf(t,p, z) := f t {t,p, z) + VpfP^(t,p, z, n{t,p, z)) + —tr(aa'Df) 



±(l-z)(f(t,j—(p-h ± ),l) 



and the ¥ '-local martingale component is 



V p fa(u,p u ,H u )dW u + / [f[ u ,j——{p u --h^),l)-f(u,p u -,0))d^ 



(37) 



Proof. Let p c,t denote the continuous component of p 1 , determined by the first two terms on the right-hand side of 
Eq. (|3"2j) . Using Ito's formula, we have 



N-l „ s nj 1 N-l rs o2 



f{s,p s ,H s ) = f(u,p t ,H t ) + J f t (u,p u ,H u )du+Y^ I Q^dPr+vE / 7mk d (P C,l ^u 



d'f 



dp % pi 



X] (f( u >Pu,H u ) - f(u,p u -,H u -)) 



(38) 



t<u<s 

Note that the size of the jump of p\ at the default time r is given by 

~i ~i ~t ^ - h(p T -) 

Pr - Pr- = Pr- 



h(p T - 



(39) 
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thus implying that p\ = l p i T _hi/h{ft T -) and p T = (l/h(p T -))(p T - ■ h ). For t < t < s, this leads to 



^ (f(u,p u ,H u )-f(u,p u -,H u ^)) 



t<U<S 



1 



/(r,^-— (p T --/ l ± ),l) -/(r,p r _,0) 



(if s - H t ) 



f[u, T7 —(p u --h ± ),l) -f(u,Pu-,0))dH u 
h(p u -) 



(u,j^—(p u - -h^),?j -f(u,p u -,0)j (di u +H u -h(p u -)du) 



h{p, 

where in the last equality we had used Eq. (f2T>|) and the fact that h u = Yli=i h-iPu = + Y^i=i (hi ~ ^iv)Pu = Mp«) 



From this, we deduce that Eq. (|38[) may be rewritten as 

f u (u,p u ,H u )du + J Vpf /3 7 (u,p u ,H u ,TT u )du + J ( aa % d~i~j rfM 



N-l 



Vpf a(u,p u , H u )dW u 



+ / ( / ( u, r—(Pu ■ h^), 1 ) - / (u,p u ,0) ) (1 - H u )h(p u )du, 
h{Pu) 



(40) 



which proves the lemma. □ 

We are now ready to derive the HJB equation associated to the control problem based on standard heuristic 
arguments. First, in light of the dynamic programming principle, we expect that, for any s £ (t,T], 



w(t,p,z)= sup log if*, e Ms,P3,ff«)-7//n(«,P^,w u )d« 

Next, define e(s,p, z) = e w ^ s ^' z ^ and note that, in light of Lemma |4~T| 

e(s,p s ,H s )=e(t,pt,H t )+ \ Ce{u,p u , H u )du + M s (e), 



(41) 



where the last term M s (e) represents the local martingale component of e(s,p s , H s ). Plugging the previous equation 
into (|4"Tj) , we expect the following relation to hold: 

assuming that the local martingale component is a true martingale. Dividing by s — t and taking the limit of the above 
expression as s — > t leads us to the HJB equation: 



= sup 



(£ - ^fj(t,p,z,w))e(t,p,z) 



(42) 



Let us write (|4"2")) in terms of w. To this end, let us denote the differential component of C as T>; i.e., 



Vf(t,p, z) := f t {t,p, z) + Vpf(t,p, z) /3 7 (f,p, z, n{t,p, z)) + -tr{aa'D 2 f). 



Then, we note that 



Ce(t,p, z) = T>e(t,p, «) + (!- z)h(p) feK 4 '^'^' 1 ) - e w(t ^ 0) 



■'(.*ip,») ( f)w + -\\V p wa\\ 2 + (1 - z)h(p) 



(43) 
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Thus. Eq. (g2]) takes the form: 



1 



e(t,p,z) [ Vw + -\\V p wa\\ 2 + (1 - z)h{p) 



= sup 

7T 

In order to get a more explicit form, let us recall that 



rj(t, e iy z, 7r) = -r + ir (r - (/i, e,}) + 7r r - -v - a(i, e 4 , z) + 



7T Sy7T 



and note that 



Af-l 



fj(t,p,z,-K) = r)(t,e N ,z,ir(t,p,z)) + ^ (r](t,ei, z,ir(t,p, z)) - rj(t, e N , z, n(t,p, z))) p 1 



r + TT b (r - /2(p)) + 7r^ ( r - -u 2 - a(t,p, z) I H — -7r'£y£y7r. 



We can now rewrite Eq. ([4"4"]l as 



>(t,y^p.h X ,l)- W (t,p,0) _ j 



(44) 



(45) 



-J- + -tr(aa'D 2 w) + -(Vpw)aa' (Vpio)' + 7r + (1 - z)h(p) 
+ sup |(Vp W )/3 7 - 7 7r s (r - m(p)) - (1 - ^) 7 7r p (r - i W 2 - 5(t,p, z)) - ^y(l - 7)^^} = 0, (46) 

with terminal condition w(T,p, z) = 0. 

Depending on whether or not default has occurred, we will have two separate optimization problems to solve. 
Indeed, after default has occurred, the investor cannot invest in the defaultable bond, and only allocates his wealth in 
the stock and risk-free asset. The next section analyzes in detail the two cases. 



5 Solution to the Optimal Control Problem 

We analyze the control problem developed in the previous section. We first decompose it into two related optimization 
subproblems: the post and the pre-default problems. As we will demonstrate, in order to solve the pre-dcfault 
optimization subproblem, we need the solution of the post-default one. 



5.1 Post Default Optimization Problem 

Assume that default has already occurred; i.e., we are at a time t so that r < t. In particular, this means that 7rf = 0. 
Let us denote by w(t,p) := w(t,p,l) the value function in the post-default optimization problem. Then, we may 
rewrite Eq. (|4^|) as follows: 







w(T,p) 



w t + —tr(aa'D 2 w) + —(Vpw) aa. '(VpwY + 7 r 



sup 



(Vpw)^ - 7 7r s (r - £(p)) - —7(1 - 7 )(tt s ) 2 



0. 



(47) 
(48) 



Here, a(p) is a (N — 1) x 1 vector determined by the first column of a(t,p, 1) (the second column of a(t,p, 1) consists 
of all zeros). Concretely, 

(49) 



a(p) := [Dip) {g - M(p))} ~ 
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where "d_ = (fXi — ^cr 2 , . . . , {1n-i — \°~ 2 ) is the first row of i?i : jv-i(i, 1) (the second row consists of all zeros) and, 
correspondingly, d_(p) = jl(p) — \a 2 is a scalar with fl(p) = /Ujv + ^iL^i^i — (J>n)p % - Similarly, /3 (t,p, n) in (|47p is 
defined as 

P y (t,P,n) := Ay(*)P) ij 71 ") = + 7< 77r5 a(p), 

where we recall that 

(JV-l JV-i \ ' 

e=i t=i / 

It can easily be checked that the minimizer of Eq. ([47]) is given by 



7T 



s 



1 



<7 2 (l- 7 ) 

Plugging the maximizer (|50p in (|47p . we obtain 



{/2(p) - r + <j{V p w)a} . (50) 



1 - , 9 - 1 



w t + -tr(adD 2 w) + — r(Vpw)aa'(Vp«j)' + (Vpw)$ + * = 0, 

2 2(1-7) 



(51) 



ifi(T,p) = 0, (52) 

where 

*(t,fO = /8(t,p) + / M(p) ~ r g(p), 
1 — 7 (j 



^|.(t,p) = 7r 



7 ffr(p)-r s 



2(1-7) 



The following result develops a detailed analysis of the post-default optimization problem. Below, we denote the 
interior of a set A £ R^" 1 by A° and we set 



C 1 - 2 := C 1 - 2 ((0, T) x A Ar _ 1 J n C ([0, T] x A w „! 
Theorem 5.1. TTie following assertions hold true: 
(1) For any T £ (0, 7"), f/iere exists a function w £ C > £/ia£ solves the Dirichlet problem f51\)-(5^ 



(2) TTie solution w(t,p) of \51\l ~ nPBj) coincides with the optimal value function w(t,p,l) introduced in [3$ , when 
At(t,T;p, 1) is constrained to the class of feedback controls 7rf = n s (s,p s ) and nf = such that the SDE t32\) 
admits a unique solution. 

(3) The optimal feedback control {yf }se[t,T)j denoted by 7?f, can be written as 5ff = Tr s (s,p s ) with 

n S (s,p) := r (/2(p) - r + crVpw(s,p)a) . (53) 

o- (1 - 7) 

The proof of Theorcm l5.1l is reported in Appendix [Bl For now, let us mention a few useful remarks about the proof 
of poi nt (1). The proof of this result follows f rom the Feynman-Kac formula as outlined in, e.g., the proof of Theorem 
3.1 in lTamura and Watanabd (|201lh (see also lNagai and Runggaldierl (|2008l )). Indeed, the idea therein is to transform 
the problem into a linear PDE via the Hopf-Cole transformation: 

ip(t,p) = e T^H(t,p)_ (54) 
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Then, it follows that w(t,p) solves Eq. (l5"Tj) - (l52l) if and only if ip(t,p) solves the linear PDE 

dib 1 , „ , 

^ + -tr(aa'D 2 iP) + $'V § ip+-^Tp = 0, 
at 2 — — 1 — 7— 

±{T,§) = 1. (55) 

It is illustrative to setup explicitly the problem in the case of two hidden regimes. In that case, the vector p := p 
becomes one dimensional, with p denoting the filter probability that the Markov chain is in regime "1", and ip(t,p) is 
one dimensional with t € R + and < p < 1 . We then have that Eq. (f55"T) reduces to 



where 



di> 1 2 d 2 ^(t, P ) Mt,p) Mt, P ) 
Tt + 2 BL ^d P ^ +mip) ^dp- +m ^^ = °' 

i>{T,p) = 1, 



a(t,p) = cr _1 p(l -p){.Hi - M2), 
/3(i,p) = tu u p + ra7 2 i(l -p), 

1 — 7 er 



J|.(i,p) = 7r 



7 / + (1 -p)M2 - r x 2 



2(1-7) 

5.2 Pre Default Optimization Problem 

Assume that r > t, i.e. default has not occurred by time t. Let us denote by w(t,p) := w(t,p, 0) the value function in 
the prc-dcfault optimization problem. Then, we may rewrite Eq. (|46[) as 

w t + ^tr(aa'D 2 w) + -(VpUi)aa' (VpUi)' + 

sup j (Vpw)/3 7 - 77r 5 '(r - /Et(p)) - jn p (r - \v 2 - a(t,p, 0) ) - -7(1 - 7)7r'£^£y7r I 

7r=O s ,7r p )' I \ 1 J 1 J 

+ji(p) W^^H^ _ ij + jr = 0, (56) 
w(T,p) = Q. 

Above, a(t,p) is a (AT — 1) x 2 matrix given by 

a(t,p) := a(t,p,0) = [£>(p) (tf(t)' - 10(t,p)')] (My)" 1 Ey, 

with defined as the 2 x (A — 1) matrix $i:iV_i(£) 0) and $(t,p) defined by the two dimensional column vector 
i?(t,p,0). Further, 

0j(t,P,Tr) ■= 7 {t,p,Tr,O) = f3(t,p) +-fa(t,p)T,' Y TT. 



It is important to point out the explicit appearance of the post-default value function w in the PDE (|56j) satisfied by 
the pre-default value function w. This establishes the required relationship between pre and post-default optimization 
subproblems. 
Next, define 

T(t,p) = ( r - fl(p),r- -v 2 - a(t,p,0) 
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Then, wc can rewrite Eq. (|56[) as 



w t + ^tr(aa'D 2 w) + ^(V pw)aa' (\7 p w)' + 

sup |(Vp-7D)^ 7 - jtt'T - i 7 (l - jyZ'yZyir 
w(T,p)=0. 



+ 7r = (57) 



Differentiating the above expression with respect to tt, we obtain that the maximal point tt* is the solution of the 
following equation: 

7£ Y a'(Vpw)' - 7T - 7(1 - 7)S^Ey7r* = 0. 



Solving the previous equation for tt* yields: 

1 



■(S^Sy)- 1 (-T + S y a'(V p w)'). (58) 



1-7 

After plugging tt* into (|57[) , and performing algebraic simplifications (see Appendix [B] for details) , we obtain 

w t + ltr{aa'D 2 w) + — - — -(V„u))aa'(V p «))' + (VpU))$ + / i (p) e H ( t '^ !i '' i± ) e -™( f ^ + * = 0, (59) 
2 2(1-7) 

w(T,p) = 0, (60) 



where 



$(t,p) = P{t,p) — — ^ — aEy X T, 
1-7 

*(i,p) = i-^-T'(E y E y )- 1 T + 7r-Mp). 
z 1 — 7 

The following result shows a verification theorem for the pre default optimization problem. 



Theorem 5.2. Suppose that the conditions of Theorem I5.il are satisfied and, in particular, we let w £ C 1,2 &e the 
solution of H51\) with boundary condition H5S\). Additionally, assume that there exists a function w € C ' solving the 
Dirichlet problem i59\ )- l[6u^) Then, the following assertions hold true: 



(1) The solution w(t,p) coincides with the optimal value function w(t,p,0) introduced in {3J$ , when At(t,T;p,0) 
is constrained to the class of feedback controls 7T~ = TT S (s,p s - , H s - ) and tt p = ir p (s,p s - , H s -) such that 
tt p (s,p, 1) = and the SDE \32\) admits a unique solution. 

(2) The optimal feedback controls {tt s } se[t,T) {( 7r ^> 7r f )'}se[t,T)> denoted by tt := (tt s \tt p )' , can be written as 
7rf = 7T (s,p s - , H s - ) and tt p = TT P (s,p s - , H s - ) with 

(i s ( S ,p, 0), i p (s,p, 0))' := -^(I^Ey)- 1 (-T + £ y a'V^( S ,p)') , (61) 

1 -7 

(^ s (s,p, 1),k p (s,p, I))' := ( ^27JZ 7) (A(P) - r + ira'Vpw(s,p)') , 0) . (62) 

The proof of Theorem 15.21 is reported in Appendix [Bj Proving that the Dirichlet problem (|59"|) admits a classical 
solution is not as direct as in the post-default case. Still, the Hopf-Cole transformation reveals the type of PDE that 
is encountered when solving for the optimal value function. Concretely, it follows that the function w(t,p) solves the 
problem (|59p if and only if the function 

^(t,p) = e^f iS( ' tdS >, (63) 



16 



solves the Dirichlct problem 



2 1 — 7 1 — 7 



0, ^(T,f9 = 1. 



(64) 



Eq. shows that optimal pre-default value function satisfies a degenerate nonlinear parabolic PDE. The degeneracy 
comes from the fact that aa' vanishes on the boundary of Ajv-i, hence the differential operator is not uniformly 
elliptic on the boundary. A detailed analysis o f the global existence o f a solution is a nontrivial matter falling outside 
the scope of this paper. We refer the reader to iGoldstein et al.l (|2003l) for related discussions. 

For illustration purposes, let us write explicitly the previous problem for the case of two hidden regimes. In that 
case, setting for simplicity p = p = p%, (|64p takes the form: 



dip , l--,d 2 ip 
~dt ' 



dtp 



M,p) 



phi 



+ (h 2 + (hi - h 2 )p)e-v ,h 2+^i- h 2^. 



$(t,pV 



o, 



1-7 
i'(T,p) = 1, 



where, in terms of a(t, ej) := a(t, ej, 0), 

'iii- iii a(t, ei) - a(t,e 2 ) 



a(t,p) 
$(t,p) 

*(*,p) 



p(l -p) 



TU21 + (ron — ZD2l)p - 



[au(t,p), ai 2 (t,p)] 



7 / a n (t,p) 



1-7 



(M(P) -r) + 



Oil2(t, P ) ( 1 



-v 2 — r 



■a(t,p) 



1 7 ( (^2-r+ (m - iL 2 )pf (\v 2 ~r + a(t,e 2 ) + (a(tei) - a(t,e 2 ))p)' 
2 1 - 7 I ct 2 u 2 



+ -yr - h 2 + (/ii - h 2 )p. 



6 Conclusions 



We studied the optimal investment problem of a power investor in an economy consisting of a defaultable bond, a stock, 
and a money market account. The price processes of these securities are assumed to have drift coefficients modulated 
by a hidden Markov chain. We have reduced the partially observed stochastic control problem to a risk sensitive 
one, where the state is given by the filtered regime probabilities, derived using the reference probability approach to 
filtering. The conditioning filtration, determined by the stock prices, the noisy bond price, and the indicator of default 
occurrence, is generated by both a Brownian component and a pure jump martingale. The filter has been used to 
derive the HJB partial differential equation corresponding to the risk sensitive control problem. Our methodology 
consisted of splitting the latter into a pre-default and a post-default dynamic programming subproblems. In line 
with the dynamic programming principle, the value function associated to the pre-default problem depends on the 
value function associated to the post-default counterpart. The PDE associated to the post-default value function can 
be transformed to a linear parabolic PDE, degenerating at the boundary, for which existence and uniqueness of a 
classical solution can be guaranteed. We have proven a verification theorem for the pre-default dynamic optimization 
subproblem, and illustrated that the PDE satisfied by the pre-default value function is of nonlinear degenerate parabolic 
type. 

A Proofs related to Section [3] 

Proof of Lemma 13.11 

Let us introduce the following notation 

H t '■= 1{-Y t =e,}- 
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Note that X t = (H},..., H t N )' and, from ©, 



rt n 

Hj = H z + V vj^{s)Hlds + Mi(t). 
Jo £=1 



(65) 



From Eq. (|18|) and (|T3|) . we deduce that, under P, 

dL t = Lt_(ftt - l)di t + L t Q'(t,X t ,H t ,TT t )dYt-L trn (t,X t ,H u n t )dt 

which yields that 

[L,H%= f L s _Q'(s,X s ,H s ,K s )d[Y,H%+ f L s ^(h s - l)d[£, H%. 



As (Y t ) t> n and (H t ) t > are independent of (X t ) t > (and, hence, of H l ), under P, it holds (see also I Wong and Haiek 
(|l985l )). P almost surely, that 

[Y,H% = [iH% = 0, for all s > 0. 



Thus, applying Ito's formula, we obtain 

rt 



H, 



o 



Hl-dL* 



L s -dHl 



= Hl+ / HiL s Q'{s,X s ,H s ,7r s )dY s + H* a - L s - (h s - - l)d|. 



/ HiL a 'yr)(s,X s ,H s ,ir s )ds + / L s Vro^(s)i/fds + / L s ^dMi(s) 

JO JO ,_y JO 



(66) 



Since (Mj(f))t>o is a ((J~i c )t>o, P)-martingale, and Gt is independent of J 7 ^ under P, we have that E p J* L s _dMi(s) \Q\ 
0. Therefore, taking Q\ conditional expectations in Eq. (|66p . we obtain 



JV 



^2w i , i (a)L e Hi\g 1 . 



U=i 



ds, 



E p [L t Hl\Ql] = 1 + / E p [L B HiQ , {8,e i ,H a ,ir B )\g I B ] dY s + J E p [L s -H^(h s - - 1)|#] 

[HiLw^euH^^Ql] ds + f E p 

Jo 

where we have used that, if <p t is G predictable then, (see, for instance, Wong and Haiek ( 19851) . Lemma 3.2), 

E p [ f ,,J... = J E p [<j> s L s _\Ql] dY s 



(67) 



E 



4> s L s -ds\Gl 



E p [0 s i s _|e s 7 ] ^ 



Observing that, under P, dY t = SydWt, using that Q(t,ei,H t ,ir t ) and r/(f, e,, H t ,TTt) are {Ql)t>o adapted, and that 
the Markov-chain generator A(t) is deterministic, we obtain Eq. p^|) . upon taking the differential of Eq. (|6"7| . □ 

Proof of Proposition 13.21 

Using Ito's formula on Eq. (|2"Tj) . we have 



dpi 



M t 



-dql + ql-d 



1 



M' 



(68) 
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First, using that J2i=i Tli=i w i,i{t) c lt ( ^ = E/=i It Ei=i w l,i{t)dt = and Lcmma r3.il we obtain 

N N N 

dM t = QiQ'fa e h H u w t )i: Y dW t + £ q\- (hi - l)di t -lJ2v(t, e h H t , v t )q\dt. (69) 



Next, let us derive the dynamics of j^-. Using Ito's formula on the function f(M t ) = we have 

f(M t ) = l+[ f'(M s _)dM s + \ [ f"{M s _)d{M c , M c ) s + V (f(M s ) - f(M s _) - /'(M S -)AM S ) . (70) 

JO Z JO n^.,^i 



0<S<t 



Here, d (M c , M c ) s is the quadratic variation of the continuous part of M, which, in light of (|6"9")l and the definition of 
filter probability in Eq. ([21"]) , is such that 



f"(M^)d{M c ,M c ) t = w 



1 ( N N \ 

if I «* e i> Ht > ^Y^' Y Q{t, e k , H t , TTt)Qt I 



AT AT 



Jr EE^'f*' e j>Ht, 7r t )£y^Q(t, e fc , F t , 7r f )p t fe <ft. (71) 

Next, from Eqs. (J2TJ and (|69"]). note that 



M t _ 

3 = 1 fe=l 

^ = A^^-D = Afft(At _ _ 1} (72) 
M t - * M t - ty t j, v ; 

where we have used the definition in (|22[) . along with the obvious fact that Y^iLiPt- = Therefore, M t /M t - = 
1 + AH t (h t - 1) and, thus, 

Af t 1 + AJTtfo- - 1) /i t - 

We then have 

/(M t ) - /(M t _) = AJ?t f - "tt — 1 = ' 



M M t _y M t _M t 

-Afft 1 (74) 
Mt- V ' V ' 



where the last step follows using Eq. (|73|) . Similarly, using Eq. (|72[) . we have 

f'{M t -)AM t = — — L-AMt 



M t 2 _ Mt_ M- 

■A ff ,i^i. (75) 



Plugging Eq. ((711), ([75]), and {7TJ into ([70]), we obtain 



[ i 1 



M t 7 M 



/it- - 1 /it- - 1 



/ AT AT AT \ 

£ <7 t l QU e*, A*, 7rt)EydWt - 7 X] »?(*, <*> H u v t )q\dt + £ gj_ (fc - l)d& 

t_ \i=l i=l i=l / 

/ W JV \ 

fT ^ Z ^^Q'(t,e l ,i/t, 7 r t )I]yI]^Q(t,e„ift,7r t ^ di - Afl, 
*- \i=i j=i J 

/ N N \ 

*~ \i=l i=l / 



Mt_ 

AT JV 



M — EEpW'^ e i> H t , n )E Y E Y Q(t, e h H u % t )^ t dt - 1 ^ 1 (AH t - h t -H{t~)dt\ 

1=1 3 = 1 



19 



where the last step follows from the observation that jj— ^2 i=1 q\- (hi — 1) = 
Next, we have that the quadratic covariation between ^ and qt is given by 



1, and the definition of £ t in (|T6|) 



M 



-piQ'&e^HuxjXy-E'y ^2Q(t,ej,H t ,n)l4j dt + A (^) A lh 



where, the dynamics of 1/M t and q\ as well as (f2~Tj) imply 



( ±) Aql = -b^l p l_ {hi _ l )A H t . 



(76) 



Plugging all terms into Eq. we obtain 



/v 



dpi = Y,^MPt dt + Pt (Q'(t,ei,H t ,Trt) - Q'(t,pt,H u nt))EYdWt+pi-(hi - l)(AH t - H(t~)dt) 
t=\ 

- jpl (ry(t, e l ,H t ,'Kt) - i](t,p t , Ht,n t )) dt + p\ (Q'(t,p t , H t ,irt) - Q'(t, e,, H t , 7r t )) T,YE' Y Q{t,Pt, H t ,n t )dt 

- ^^-p l t -( A H t -h t -H(t-)dt)-^^-pl-(h t ~l)AH t (77) 

n-t- /it- 
It can be checked directly that the jump component of ((77)) simplifies as follows: 



pi-(hi-l)(AH t -H(t-)dt)-- 
which in turn allow us to rewrite Eq. (|77[) as 

N 



V( 



hiAHt - h t -H(t~)dt 



pi- (hi - V) 



(AH t -h t -H(t-)dt), 



dp\ =J2^e,i(t)P e tdt + pi (Q'(t,e h H t ,ir t ) - Q'(t,p u H t ,-K t )) Z Y (dW t - E Y Q(t,p t ,H t ,ir t )dt) 

hi - h t - 



1=1 



IPt (v(t, e i, H t, TTt) - f](t,Pt, H t , ?r t )) d< + pl- 



(AH t - h t -H(t~)dt 



(78) 



Next, from dTUJ), (US]), and (HU, observe that 



Q'(i, a, H t , nt) - Q\t, Pt , Ht,n t ) = (0(t, a, Ht)' - d{t,p t ,H t )') (EyEif 1 , 
Y, Y E Y Q(t,pt,Ht,7r t ) = d(t,p t ,H t ) + 7EyEy7r t , 
■q(t,e l ,H t ,TT t ) ~ ri(t,pt,Ht,TTt) = ^ (i)(t,p t ,H t ) - #(t, e if i?t)) . 

Using the above relations, we obtain 

-Pt (Q'(t,ei,H t ,ir t ) - Q'(t,p t ,H t ,TT t ))Y, Y j: Y Q(t,pt,H t ,TTt)dt - 7$ (r](t, ei, H t ,TT t ) - r](t,p t , H t ,Tr t )) dt 
= -pi (0'(t, e i5 ff t ) - ^(t,pt, fl*)) (E Y T,'y)-H(t,p t ,H t )dt 

Using the above equation, along with the fact that dY t = T, Y dWt, we can simplify the dynamics in ([75)1 to Eq. (|23|) . □ 
Proof of Lemma 13.31 

Define ? = inf{i : p\ = 0} A T. If pj can hit zero, then P(p* = 0) > 0. But p* = 9t j , where the equality 
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is true by the optional projection property, see lRogers and Williams! ([20061 ). Define the two dimensional (observed) log- 
price process Yt = (log(St), log(Pt))'. As q* = E p [-Z^lx^ejf?^ 1 ) and using that > 0, we can choose a modification 
g(Y, H, X^) of E p [L s |C^,X f ] such that g > 0, and, for each e*, g(Y,H,ei) is G^-measurable. By the tower property 

q\ = E%(Y,H,X,)l x - ei \g*] = g(Y,H,ei)¥(X, = e^) = g(Y, H, ei)F(X t = e,)| t=? , 

where the first equality follows because <j is (^-measurable and the last two equalities because X is independent of Q 1 
under P. As f(X t = e») > and g > 0, we get that q\ > a.s, which contradicts that P(p* = 0) > 0. □ 

Proof of Proposition [37H 

We first establish the following relation 



4 = Up\- 



(79) 



We have 



d{L t p\) = L t -dpl+pl-dL t + d \L,p l 
In light of Eq. dTTJ and ([T2]). we have that 

dt t = L t - (Q'(t,pt,H u n)dY t + (h t - -l)d&) - n(t,Pt,Ht,irt) 
From Eq. ([80]) and ([23]). we obtain 



L,di. 



: plLtV'it.pt.Ht^Y^y 1 (0(t, e 4 , iJ t ) - 0(t )Pt) ff*)) dt + p*L t7 ^ (*(<> ei, H t ) - d{t,p t ,H t )) dt 
hi -h t - 



(80) 



(v - 1) 



-L t -pl-AH t . 



Using the above equations, along with (|23[) . we obtain 



d (irfjj) = L t ^^(t^fdtj + L t pl (?(t t e t ,H t ) - d'{t,p t ,H t )) (£y£ y ) 1 (dY t - d{t,p u H t )dt) 



(81) 



(82) 



+ Lt-P\- 



hj - h t 

L- 



AH t -h t -H(t-)dtj +p\L t Q'{t,p u H tl Tt t )dY t -p\L tT1 {t,p t ,H tl Tt t )dt 

hi - h f 



+ p\-L t -{h t - -l)(AH t -H(t-)dt) + (h t - -1)- 



h f - 



-L t -pl.AH t 



+ p\L t d\t,p tl H t ) (£y£ y ) (i?(t, ei, H t ) " 0(t,Pt, ^t)) df + ip\U*' t ^ A*) - #(t,p t ,H t )) dt. 
Next, observe that 

L t p\{$\t,e i ,H t )-$\t,p t ,H t )){YlyY l l Y )-\dY t -${t,p u H t W = 



L tP \Q'(t, e h H t , 7r t )dY t - L t p\ (&(t, e h H t ) - $'{t,p t ,H t )) (ZyZ'yy^puHJdt 



Moreover, 



r]{t,ei,Ht,-Kt) - r](t,p t ,Ht,ir t ) = n' t {d(t,p u H t ) - i)(t,ei,H t )) . 
Using relations ([83]) . and (J53J, along with straightforward simplifications, we may simplify Eq. ([52"]) to 

JV 



(83) 
(84) 



d{L t p\) 



/ N \ 

y^,m,i(t)L t pldt + LtplQ'{t,ei,H t ,n t )dYt - ~{L t p l t -q(t, a, H t ,ir t )dt + L t -p\-{hi - l)d£ t . (85) 
\i=i ) 
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Using that dY t — EydWt) we have that the equality ((79)) holds via a direct comparison of equations (|85|) and (|T9"|) 
Next, using Eq. ([T7| . and the established relation ([79]) . we have that 



J(v,tt,T) 



1 

1 

v -lj2^ K[iTi { x T=ei} |^]] = vE E# ^] 

2 — 1 

7 N 



E[Vy] 



— [Lr] = V -\ 
7 7 



7 



thus proving the statement. 



□ 



B Proofs related to Section [5] 

Proof of Eq. (j59]) 

Let us first analyze the first term in the sup of Eq. ([57]) . i.e. P'^Vw. For brevity, let us set (3 = /3(t,p, 0). By definition 
of /3 7 , and using the maximizer Tt t ■= 7r| in (|58[) . we have 

7 



/Si = /?' + -yn'Hya' = (3' + — ^ — (Sy«'(V p w)' - T) (EyEy) Eya' 

1 — 7 



/3' + -^-(VpwlaSUE^rJ^Sya' !— T^EyEy)"^^ 

1—7 1—7 



7 



7 1 - 7 

Further, again using the expression for 7r = tt*, the second term in the sup is equal to 

-7tt'T = ^— (-T + Sya , (V p w)')'(SySy)- 1 T 

1-7 



7 

The third term in the sup may be simplified as 



-1— T^EyEy)-^ - — ^— (V p w)aE F (E , F Ey)- 1 T. 
1 — 7 1 — 7 



(86) 



1 7 



2 1-7 
1 7 



(-T + Eya'(V p w)')' (E'yEy)- 1 (-T + Eyft' \V p w)') 



2 1- 7 
1 7 



T'(EyEy) _1 T 



1 7 



2 1-7 



T'(E y Ey)- 1 Eya'(V p w;)' 



1 7 



Using Eq. 



2 1-7 

(JHnj) , and (|57|). we obtain that 

SUp { ^(VpTi))' - 77r;T - 1 7 (1 - 7)^EyEy7Ti 



2 1-7 



(V p w)aE y (E y Ey)- 1 Ey<5'(VpW))'. 



(87) 



^(VpU))' + i— ^— (V J) 7i))aE F (E y Ey)- 1 Eya'(V p u;)' + ^— ^ — T'(E y Ey) _1 T— — ^ — (V p w)aEy 1 T, 
z 1 — 7 z 1 — 7 1 — 7 

and therefore, after re-arrangement, we obtain Eq. (|59j) . □ 
Proof of Theorem 15.11 



The first assertion of the theorem follows from Feynman-Kac for mula as used in, e.g., Tamura and Watanabd (|201ll ) 
(see proof of Theorem 3.1 therein). Indeed, the idea (see also Nagai and Runggaldier ~ |2008 ) ) is to transform the 
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problem into a linear PDE. Concretely, denning two open (bounded) balls B2 3 B\ 2 Ajv_i and a truncation function 
r € C°° such that 1b 1 (P) < r(p) < ls 2 (p), define the function 

= E( e T^/o T -^(i!)*( S .S)^) 5 (88) 

where {Xf }o< s <t is the solution of the SDE: 

dX* = T(2C)a(2C s )dB s + T(2C)§>(2C s )ds, X% = x, 

with B denoting an N — 1-dimensional Wiener process. Then, Feynman-Kac implies that the function (|88|) solves the 
PDE 

T 2 (v) 

± t + —f i tr{a^D 2 ^) + T{p)(V p f)$ + T{p)yj_(t,p)3L=0, £(T,p) = 0. (89) 
Next, it is easy to check that 

w(t, p) := (1 - a) log (V)(t, p)) 

satisfies the PDE 

w t + —^-tr(aa'D 2 w) + — - v F \ (V p w)a d{V p w)' + r(p)(Vpw)$ + r(p)tf = 0, (90) 
2 4I-7) 

with the boundary condition w(T,p) = 0. This suffices to conclude the validity of the first assertion since r(p) = 1 on 
Ajv-i by construction. 

We now proceed to prove the last two assertions of the theorem. Hereafter, we set Trf = 0. Fix a feedback control 
7rf := it (s,p s ) such that (71" , 7r p ) G A(t,T;p, 1). Let us first remark that 

pffteAj.!, *<s<t) =1. (91) 

or, equivalcntly, P (jj s G A N -_ 1 , t < s < T^j =1. Indeed, set p^ = 1 — Y^p^i Ps an( ^ n °tc that the process p l s can be 
represented as 



pi :=P t (*. = e,|#) = ^E f 



^ s l{X s = ei } 



(s>i,i = l,... > JV), (92) 



where Af, := 'z~2jLi^'t[-^s'i-{x 3 =e j }\Gi]- The previous representation is the analogous of (f2~Tj) but starting at time i 
instead of time 0. Above, P( represents a probability measure such that V t (X t = e;) = p % and E Pt represents the 
expectation with respect to a probability measure P t , which is constructed from P t in the same way as P is constructed 
from P. From the representation (|92[) . it is clear that p s = (Pi, ■ ■ ■ ,P^ _1 )' £ Ajv-i- Furthermore, similarly to Lemma 
13 . 31 all the p 1 , with i = 1, . . . ,N, remain positive in [t, T], a.s., and, hence, is satisfied. 

Next, for each feedback control 7rf := n s (s,p s ) such that (ir s ,ir p ) G A(t,T;p, 1), define the process 

M f .- e -ii:v{n,p u ,^)du e w(s,p s )^ (t<s< T), (93) 

where 

r){t,p, tt) = fj(t,p, 1, (tt, 0)') = -r + 7r(r - £(p)) + i— -<t\ 2 . (94) 



In what follows, we write for simplicity M" for M 7r . Note that the process {M^} t < s <T is uniformly bounded. Indeed, 
(|94p is convex in 7r and by minimizing it over 7r, it follows that, for any p G Ajv— 1, 

-V(t,p,ir) <r+— — < r + — — — < 00. 

- 2(1 — 7)cH (1 — ■y)cr z 
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Therefore, since w S C([0,T] x Ajy-i), there exists a constant K < oo for which 

Ml = e" 1 7 l {u ^^ u)du e^ {s ^ s) < Ke^\\~(T-t) =: A < oo. (95) 
We prove the result through the following steps: 

(i) Define the process y s = e—^ s '^ s \ By Ito's formula and the generator formula (|36|) with f(s,p) = e— *- s '^, 

= Ml + j Ml \j= + ^tr(aa'D 2 w) + J(V »aa' '(V 'pw)' + (Vpw)^ - 777J du + M^pwadW^. 
Using the expression of r\ in (|94[) and some rearrangement, we may write M" as 

Mg = Ml + J M^R(u,p u , n u )du + J MZVpwadW^ 

with 

11 a 1 

R{u,p, 7r) = w u + —tr(aa' D 2 w) + — ( V pw)aot (V f,w)' + + (Vp-w)j3^ — "/n(r — p,{p)) — o"T(^ ~ 7) 71 " ■ (96) 

Clearly, R(u,p, tt) is a concave function in ir since = — cr 2 7(l — 7) < 0. If we maximize R(u,p, 7r) as a function of 
7r for each (u,p), we find that the optimum is given by (|53[) . Upon substituting (|53|) into (|96[) . we get that 

R(u,P,tt) < R(u,p,n s (u,p)) = w u + ltr(aa'D 2 w) + —— — -(Viw)a a'(Vpw)' + (Vp«;)$ + * = 0, 

2 2(1-7) 

where the last equality follows from Eq. (f5"Tj). Next, let us introduce the stopping time 

JV-l 



r a := inf < u > t : > > 1 — a or mm {»,,} < a >, 

Ki<JV-l 

i=l J 



for a small enough a > 0. Note that (r AT) / T as a \ since P (p s £ A^ r _ 1 , t < s < T^ =1. Then, using the 
shorthand notation Ef[-] = E'^ we get the inequality 



Ef [MJ Ar J <M-+Ef 



with equality if 7r = 7r s . Next, from (|4"9")h it is easy to check that sup- G ^ jv _ i ||a(p)|| 2 < 2 max;{/ii}/er. Then, since 
w e C fl ' 2 ((0,T) x A^ r _ 1 ) nC([0,T] x Ajy-i), we have 

sup \M£VpWa\ 2 < A sup ||a(p u )|| 2 sup \\Vpw(u,p u )\\ 2 < B, 

t<u<r a AT t<u<T t<u<r a AT 

for some constant B < 00. We conclude that 

Ef [Af? Ar J < M" = e^*>^ = (97) 

with equality if 7r = 7r s . 

(ii) For simplicity, let us write tt s := yf (s,|> s ). First note that by (p?5"]) and the Dominated Convergence Theorem, 

lim Ef [M| ATo ] =Ef [M|], (98) 

a— >0 
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since (r A T) / Tasd\ 0. From (|98l) and the fact that we have equality in (|97j) when 7r = ff, 



e^") = lim Ef [M? AT J = Ef = E* 



"7 J t T V(u,p u .,7t u )du w(T,p T ) 



-7 J" t T r)(u,p u ,7r u )du 



(99) 



Similarly, from (|95|) and dominated convergence theorem, for every feedback control ir s = ir(s 7 p s ) such that (n, 0) £ 
■A(t,T;p,l), 



-7 J" t T r)(u,p u ,7T u )du 



[M$\ = 



a->0 



TAt„ 



lim Ef [MJ AT J < = e^*'^ = Ef 



where the inequality in the previous equation comes from (J97J) and the last equality therein follows from (|99j) . The 
previous relationships show the optimality of fc and prove the assertions (1) and (2). □ 

Proof of Theorem 15.21 

As in the proof of the post default verification theorem, let us first note that for any feedback control ir s := (71™ , irf) := 
(tt s (s,p s - , H s -),TT P (s,p s - , H s -)) such that (ir s , ir p ) G A(t, T;p, 0), we have 



p s e A N _ X , t < s < T = 1 



Next, define the process 



._ e -yf" v(u,pu,Hu,n u )du e w(s,p s ,H,) ^ (t < S < T) , 

where w(s,p, z) := (1 — z)w(s,p) + zw(s,p) and fj defined as in Eq. (|45[) . Note that fj can be written as 



(100) 
(101) 



1-7 



1 



1-7. 



fj(t,p, z,tt) = -r + ^'(r - p,(p)) + ^-^^(tt 6 ) 2 + ir p I r - |w 2 - a(t,p, z)J + ^y^w 2 (7r p ) 2 , 

and, thus, —fj is concave. This in turn implies that there exists a constant A < 00 such that 

< M£ < A < 00, t<s<T, (102) 
since w, u) £ C ^[0, T] x Wc prove the result through the following steps: 

(i) Define the processes 34 = e w(s ^ H ^ and U s = e -7 ^ fj(u,p u ,H„,n u )du_ By Ito , s f ormu i a) t h e generator formula §6§ 
with /(s,p, z) = e w< ~ s <P< z \ and the same arguments as those used to derive 

Mg = M? + f U u - dy u - 7 / fj(u, pu, H u ,tt u ) U u y u du 
u you 2 - 

+ (1 - Hu )h{p u ) ^Kh**^)-*^ -A- 



+ -tr{aa'D 2 w) + -(V p w)aa' (V p w)' + {V i> w)P 1 



1'} 



du + M<: + M°, 



where 



w(u, " , _ 1 — -p —-h) -/ ~ \ 



di u . (103) 



M*\7pWa{u,p u ,H u )dW u , M d s := 
Using the expression of r\ in Eq. (|45[) , and similar arguments to those used to derive (|45p. we may write M 7r as 

Ai: = M* + J MZR{u,p u , ir u , H u )du + M C S + M d s 



with 



R(u,p, 7T, z) = + -tr(aa'D 2 w) + -(V »aa' '(V '%w)' + + (1 - 
au 2 2 

o a ) 



+ z (Vpw)/3 7 - 77^ (r - A(P)) - 



(104) 



(V P w)f3 1 - 7 T P (r- - \v 2 - a(t,p, z)) - l^jly 2 ^) 2 
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Clearly, R(u,p, 7T, z) is a concave function in it for each (u,p, z). Furthermore, this function reaches it maximum at 
Tr(u,p, z) = (fr (u,p, z), tt p (u,p, z)) as defined in the statement of the theorem. Upon substituting this maximum into 
(|104j) and rearrangements similar to those leading to (|5"Tj) and ([59f (depending on whether z = 1 or z = 0), we get 

R(u,p, 7r, z) < R(u,p, tt(u,p, z),z) = 0, 

in light of the corresponding equations (|51j) and (|59j) . As in the post default problem, we introduce the stopping time 

N-l 



a := mi \ u > t : p l u > 1 - a or min {p\} <a\, 

— ' 1m<jV- 1 

t=l J 



for a small enough a > 0. Note that (r a AT) / T as a \ since P (p s G A^^, f < s < T) = 1. 
Then, using the shorthand notation Ef [•] = Ef ^ [-], we get the inequality 

Ef [MJ AT J < Mf + Ef [M c sATa + M d sAra ] , 

with equality if it = tt. Similarly to the arguments leading to (p?T)). we have that Ef [M c sATa ] = 0. To deal with M d , 
note that since w,w £ C(([0,T] x Atv_i) and {W s }t< s <T is uniformly bounded (due to the fact that —fj is concave), 
we have that the integrand of the second integral in (|103[) is uniformly bouded and, thus, Ef [.Mf Ar J = as well. The 
two previous facts, together with the initial conditions Ht = and p t = p, lead to 

Ef [M£ AT J < Mf = e w{ f'^ H ^ = e^C'P' ) = e ™^, (105) 

with equality if 7r = 7r. 

(ii) The rest of the proof is similar to the post default case. From f|102[) and the Dominated Convergence Theorem, 

limEf [M| AT J =1* [M|], (106) 
From the previous limit and the fact that we have equality in (|105|) when 7r = tt, 



e »(*,p) = lim E p [M| Ar J = Ef [M|] 



-7 / f T v{u.p u .H u ,7T u )du 



, (107) 



since w(T,pT, Ht) '■= (1 — Ht)w(T,Pt) + Htw(T,p~t) = 0. Similarly, from dominated convergence theorem, for every 
feedback control ir s = ir(s,p s , H s ) £ A(t,T;p,0), 



E 



"7 / t T '*i(V',p Uj H u ,7T u )rfu 



E; 



lim Ml 



TAt q 



lim Ef [Af? Ar J < = e ff '('-« = Ef 



-7 v( u iPu,Hu,'x u )du 



where the inequality in the above equation follows from (|105[) and the last equality above follows from (|107[) . This 
proves the assertions (1) and (2). □ 



References 

Ang, A., and Bekaert, G. Short rate nonlinearities and regime switches. Journal of Economic Dynamics and Control 
26, 7-8, 1243-1274, 2002. 

Ang, A., and Bekaert, G. International Asset Allocation with Regime Shifts. The Review of Financial Studies 15, 4, 
1137-1187, 2002. 

Bclanger, A., Shreve, S. and Wong, D. A general framework for pricing credit risk. Mathematical Finance, 14, 317-350, 
2004. 



26 



Biclccki, T., and Rutkowski, M. Credit Risk: Modelling, Valuation and Hedging, Springer, New York, NY, 2001. 

Cadcnillas, A., Lakner, P, and Pinedo, M. Optimal Production Management when Demand depends on the business 
cycle. Preprint available at http://www.stern.nyu.edu/~plakner/papers/calapi2TTpdfJ 2012. 

Capponi, A., and Figueroa-Lopez. Dynamic Portfolio Optimization with a Defaultable Security and Regime-Switching 
Markets. Mathematical Finance DOI: 10.1111/j.l467-9965.2012.00522.x. 

Elliott, R. J., Aggoun, L., and Moore, J. B. Hidden Markov models: estimation and control. Berlin Heidelberg New York: 
Springer, 1994. 

Elliott, R.J. and Siu, T.K. On Risk Minimizing Portfolios Under a Markovian Regime-Switching Black-Scholes Econ- 
omy. Annals of Operations Research, 176, 1, 271-291, 2010. 

Elliott, R.J. and Siu, T.K. A Hidden Markov Model for Optimal Investment of An Insurer with Model Uncertainty. 
International Journal of Robust and Nonlinear Control. Forthcoming. 

Frey, R., and Runggaldier, W.J. Credit Risk and Incomplete Information: a Nonlinear-Filtering Approach. Finance 
and Stochastics, 14 ,495-526, 2010. 

Frey, R., and Runggaldier, W.J. Nonlinear Filtering in Models for Interest- Rate and Credit Risk. In: The Oxford 
Handbook on Nonlinear Filtering (D.Crisan, B.Rozovski, eds.), Oxford University Press, 923-959, 2011. 

Frey, R., and Schmidt, T. Pricing and Hedging of Credit Derivatives via the Innovations Approach to Nonlinear 
Filtering. Finance and Stochastics, 16,1, 105-133,2012. 

Giesecke, K., Longstaff, F., Schaefcr, S., and Strebulaev, I. Corporate Bond Default Risk: A 150- Year Perspective. 
Journal of Financial Economics, 102, 2, 233-250, 2011. 

Goldstein, R., Nagel, R, amd Romanelli, S. Evolution Equations. Proceedings in Honor of J. A. Goldstein's 60th 
Birthday, 2003. 

Fujimoto, K., Nagai, H., and Runggaldier, W.J. Expected log-utility maximization under incomplete information and 
with Cox-process observations. Preprint 2012. 

Fujimoto, K., Nagai, H, and Runggaldier, W.J. Expected power-utility maximization under incomplete information 
and with Cox-process observations. Applied Mathematics and Optimization, 67, 33-72, 2013. 

Nagai, H, and Runggaldier, W. PDE Approach to Utility Maximization for Market Models with Hidden Markov 
Factors. In Seminars on Stochastics Analysis, Random Fields, and Applications V, Progress in Probability, 59, 
493-506, 2008. 

Protter, P. Stochastic Integration and Differential Equations: A New approach, 2006. 

Williams, D., and Rogers, C. Diffusions, Markov Proesscs, and Martingales: Ito calculus, Wiley, 1987. 

Sass, J., and Haussmann, U. Optimizing the terminal wealth under partial information: The drift process as a contin- 
uous time Markov chain. Finance and Stochastics 8, 4, 553-577, 2004. 

Siu, T.K. Long-Term Strategic Asset Allocation With Inflation Risk and Regime Switching. Quantitative Finance, 11, 
10, 1565-1580, 2011. 

Sotomayor, L., and Cadenillas, A. Explicit Solutions of consumption investment problems in financial markets with 
regime switching. Mathematical Finance 19, 2, 251-279,2009. 

Tamura, T., and Watanabc, Y. Risk-Sensitive portfolio optimization problems for hidden Markov factors on infinite 
time horizon. Asymptotic Analysis 75, 169-209,2011. 



27 



Wonham, W. M. Some Applications of Stochastic Differential Equations to Optimal Nonlinear Filtering, J. Soc. Indust. 
Appl. Math. Ser. A Control 2 (1965), 347-369 1965. 

Wong, E., and Hajek, B. Stochastic Processes in Engineering Systems, Springer Verlag, 1985. 

Zariphopoulou, T. Investment-Consumption Models with Transaction Fees and Markov-Chain Parameters. Siam Jour- 
nal on Control and Optimization 30, 3, 613-636. 



28 



